For integers k, r > 0, a (k, r)-coloring of a graph G is a proper k-coloring c such that for any vertex v with degree d(v), v is adjacent to at least min{d(v), r} different colors. Such coloring is also called as an r-hued coloring. The r-hued chromatic number of G, χ r (G), is the least integer k such that a (k, r)-coloring of G exists. In this paper, we proved that if G is a planar graph with girth at least 6, then χ r (G) ≤ r + 5. This extends a former result in Bu and Zhu (2012). It also implies that a conjecture on r-hued coloring of planar graphs is true for planar graphs with girth at least 6.
Introduction
Graphs in this paper are simple and finite. Undefined terminologies and notations are referred to [1] . Thus ∆(G), δ(G), g(G) and χ (G) denote the maximum degree, the minimum degree, the girth and the chromatic number of a graph G, respectively. When no confusion on G arises, we often use ∆ for ∆(G). The condition (C2) is often referred to as the r-hued condition. Such coloring is also called as an r-hued coloring. For a fixed integer r > 0, the r-hued chromatic number of G, denoted by χ r (G), is the smallest integer k such that G has a (k, r)-coloring. The concept was first introduced in [10] and [6] , where χ 2 (G) was called the dynamic chromatic number of G. The study of r-hued-colorings can be traced a bit earlier, as the square coloring of a graph is the special case when r = ∆.
By the definition of χ r (G), it follows immediately that χ (G) = χ 1 (G), and χ ∆ (G) = χ (G 2 ), where G 2 is the square graph of G. Thus r-hued coloring is a generalization of the classical vertex coloring. For any integer i > j > 0, any (k, i)-coloring of G is also a (k, j)-coloring of G, and so χ (G) ≤ χ 2 (G) ≤ · · · ≤ χ r (G) ≤ · · · ≤ χ ∆ (G) = χ ∆+1 (G) = · · · = χ (G 2 ).
In [9] , it was shown that (3, 2)-colorability remains NP-complete even when restricted to planar bipartite graphs with maximum degree at most 3 and with arbitrarily high girth. This differs considerably from the well-known result that the classical 3-colorability is polynomially solvable for graphs with maximum degree at most 3.
The r-hued chromatic numbers of some classes of graphs are known. For example, the r-hued chromatic numbers of complete graphs, cycles, trees and complete bipartite graphs have been determined in [5] . In [6] , an analogue of Brooks Theorem for χ 2 was proved. It was shown in [3] that χ 2 (G) ≤ 5 holds for any planar graph G. A Moore graph is a regular graph with diameter d and girth 2d + 1. Ding et al. [4] proved that χ r (G) ≤ ∆ 2 + 1, where equality holds if and only if G is a Moore graph, which was improved to r∆ + 1 in [8] . Wegner [12] conjectured that if G is a planar graph, then
⌊3∆(G)/2⌋ + 1, if ∆(G) ≥ 8.
A graph G has a graph H as a minor if H can be obtained from a subgraph of G by edge contraction, and G is called H-minor free if G does not have H as a minor.
Define
⌊3r/2⌋ + 1, if r ≥ 4.
Lih et al. proved the following towards Wegner's conjecture. Theorem 1.1 (Lih et al. [7] ). Let G be a K 4 -minor free graph. Then
Song et al. extended this result by proving the following theorem. Theorem 1.1 is the special case when r = ∆ of Theorem 1.2.
Theorem 1.2 (Song et al. [11]). Let G be a K 4 -minor free graph. Then χ r (G) ≤ K (r).
A conjecture similar to the above-mentioned Wegner's conjecture is proposed in [11] . ⌊3r/2⌋ + 1, if r ≥ 8.
In this paper, we prove the following theorem.
Theorem 1.4. If r ≥ 3 and G is a planar graph with g(G)
≥ 6, then χ r (G) ≤ r + 5.
When r ≥ 8, we have r + 5 ≤ ⌊3r/2⌋ + 1. Thus Theorem 1.4, together with Theorem 1.1 of [3] with 1 ≤ r ≤ 2, justifies Conjecture 1.3 for all planar graphs with girth at least 6. Bu and Zhu in [2] proved the special case when r = ∆ of Theorem 1.4, and so Theorem 1.4 is a generalization of this former result in [2] .
Notations and terminology
Let G denote a planar graph embedded on the plane and k > 0 be an integer. We use F (G) to denote the set of all faces of this plane graph G. For a face f ∈ F (G), if v is a vertex on f (or if e is an edge on f , respectively), then we say that v (or e, respectively) is incident with f . The number of edges incident with f is denoted by d G (f ), where each cut edge counts
− -vertex, respectively). We use n i (v) to denote the number of i-vertices adjacent to v.
For two vertices u, w ∈ V (G), we say that u and w are weak-adjacent if there is a 2-vertex v such that u, w ∈ N G (v). A 3-vertex v is a weak 3-vertex if v is adjacent to a 2-vertex. The neighbors of a weak 3-vertex are called star-adjacent. If a 5-vertex is weak-adjacent to five 5-vertices, we call it a bad vertex. (As an example, see the vertex v in H 4 of Fig. 2) . If a 5-vertex is adjacent to one weak 3-vertex and is weak-adjacent to four other 5-vertices, we call it a semi-bad type vertex.
As Fig. 2 demonstrates, the vertex v in H 5 is a semi-bad type vertex.
Let G be a graph with V = V (G), and let V ′ ⊆ V be a vertex subset. As in [1] ,
and such that for any v ∈ S(c 1 ), c 1 (v) = c 2 (v), then we say that c 2 is an extension of c 1 . Given a partial (k, r)-coloring c on
(1)
We have the following observation. 
By (2), for any non-empty proper subset S ⊂ V (G), G − S has a (k, r)-coloring. In the following two subsections, we first investigate the structure of this minimum counterexample G, and then use charge and discharge method to obtain a contradiction to complete the proof.
Structure and properties of G
Since χ r (G) = χ ∆ (G) for all r ≥ ∆(G), we shall always assume that r ≤ ∆(G). We investigate the structure of this minimum counterexample G via a sequence of lemmas.
Lemma 3.1. Each of the following holds.
(i) G is 2-connected.
(ii) G has no adjacent 2-vertices.
Proof. (i) If G is disconnected, then by (2), every component of G has a (k, r)-coloring, and so G has a (k, r)-coloring, contrary to (2) . Hence G is connected. Assume that G has a cut-vertex v and so G has two nontrivial connected subgraphs G 1 and
Since r ≤ ∆(G), the permutation of colors in G 2 can be done to satisfy the requirements. Now define c :
This justifies (i).
(ii) By contradiction, we assume that G has a path wuvx such that
), contrary to (2) . This proves (ii). (iii) By contradiction, we assume G contains a path
and so we can extend c 0 to c 1 by taking (2) . This completes the proof of the lemma. 
, and c Proof. (i) By contradiction, we assume that G has a 4-vertex v adjacent to at least three 2-vertices. Thus G has H 1 (as depicted in Fig. 1 ) as a subgraph. The neighbors of (ii) By contradiction, we assume that G has a 4-vertex v adjacent to two 2-vertices and at least a weak 3-vertex. Thus G has H 2 (as depicted in Fig. 1 ) as a subgraph. We shall adopt the notation of H 2 in Fig 
follows by Lemma 3.2 that c 3 can be extended to c 4 with
(iii) By contradiction, we assume that G has a 4-vertex v adjacent to one 2-vertex w and three weak 3-vertices v 1 , v 2 , v 3 . Thus G has H 3 (as depicted in Fig. 1 ) as a subgraph. We will adopt the notations in H 3 of Fig (2) . This completes the proof of the lemma. Proof. We argue by contradiction and assume that r ̸ = 5 and G has a 5-vertex 
Therefore, we assume that r ≥ 6, and so
, this is a contradiction to (2). Hence u 5 must be a weak 3-vertex, By (2) (2) . This justifies (iii) and proves the lemma. 4 , v}, and c 0 be the restriction of c to 5 is a (k, r) -coloring of G, contrary to (2) . 
Lemma 3.5. If a 5-vertex v of G is adjacent to at least four 2-vertices, then any one of its weak-adjacent neighbors must be an r-vertex.
( {1, 2, 3, 4} ⊆ c({x 1 , y 1 , y 2 , y 3 , y 4 }) .
By contradiction, we assume that there exist i, j ∈ {1, 2, 3, 4, 5} such that i < j and c 0 (v i 
By contradiction and by symmetry, we assume that there exists a color a (2) . This proves Claim 2. Now Lemma 3.6(i) follows from Claims 1 and 2.
(ii) Assume that v is a semi-bad type vertex. Then d G (v 5 ) ≥ 4 by Lemma 3.1(iii). We make the following claims. 
and so we can extend c 1 to c 2 by defining c 2 
, and since |c 6 
Hence c 5 can be extended to c 6 by defining c 6 
S(c
v}. We will continue using the notations of H 5 in Fig. 2 for our discussions below, except that y 4 will be removed in the proof of Case 1.
We shall show that (ii-1) holds. As c(v 5 ) = 5, we first claim that c({x 1 , y 1 , y 2 , y 3 }) = {1, 2, 3, 4}. Assume that the claim is false and there exists a color a ∈ {1, 2, 3, 4} − c({x 1 , y 1 , y 2 , y 3 }). Then we extend c 0 to c 1 by assigning c 1 (
Hence we can extend c 5 to c 6 by letting c 6 (2) . Thus by symmetry, for any 1 ≤ i ≤ 3, y i is not a 2-vertex.
We shall show that (ii-2) holds. By contradiction, we assume that there exists a color a ∈ {1, 2, 3, 4} − c({x 1 , y 1 , y 2 , y 3 , y 4 }). Then we extend c 0 to c 1 by assigning c 1 (
Hence we can extend c 5 to c 6 by letting c 6 Proof. By contradiction, we assume that G, v and v 5 satisfy the hypothesis of the lemma with d(v 5 ) = 4, and v 5 is adjacent to three weak 3-vertices y 1 , y 2 , u 5 , (see Fig. 3 ). Hence H 6 depicted in Fig. 3 is a subgraph of G. We shall use the notations in Fig. 3 in the proof of this lemma.
By (2) , G − v has a (k, r)-coloring c. By Lemma 3.6, we assume that
Let c denote the restriction of c itself to + -vertices.
By
As a ′ ∈ {4, 6, 7, 8, 9, 10} − c 
With a similar analysis as in Claim 1, c We now continue the proof of the lemma. Define
By Claim 2, (3) and since c 1 is a partial (k, r)-coloring of G, we conclude that c 2 is also a partial (k, r)-coloring of G with 
, it follows by Lemma 3.2 that c 4 can be extended to a (k, r)-coloring of G, contrary to (2) . This proves the lemma. 
where each u i is a 2-vertex and each v j is a 2-vertex. Then G has a subgraph isomorphic to H 7 as depicted in Fig. 4 . We shall adopt the notations in Fig. 4 in our arguments below.
By (2), G − v has a (k, r)-coloring c. By Lemma 3.6(i), we may assume that,
Let c 0 be the restriction of c to V (G) − {u, v, v 1 , v 2 , v 3 , v 4 , x}. Pick a color a ∈ {6, 7, 8, 9, 10} − c({u
By (4), c 1 is a (k, r) -coloring of G, contrary to (2). This justifies (i). (ii) Assume that G has two semi-bad type vertices u and v which are star-adjacent. By definition, G has a 3-vertex x adjacent to a 2-vertex as well as to both u and v. 
Case (ii)-1. c(u 5 ) ≥ 5, and so by (5) 
Choose colors a ∈ {6, 7, 8, 9, 10} − c({u
By ( Choose a ∈ {6, 7, 8, 9, 10} − c({u
By (5) Case (ii)-2.2. c(u 1 ) ∈ {6, 7, 8, 9, 10} .
Choose a color a ∈ {1, 6, 7, 8, 9, 10} − c({u 1 , u
If a ∈ {6, 7, 8, 9, 10}, denote {6,
. By Lemma 3.2, c 1 can be extended to a (k, r)-coloring of G, contrary to (2) . This proves Case (ii)-2.2, and completes the proof of (ii). (iii) By contradiction, assume that G has two semi-bad type vertices u and v which are weak-adjacent. By definition, G has a 2-vertex x adjacent to both u and v. 
Then G has a subgraph isomorphic to H 9 as depicted in Fig. 4 . We shall adopt the notations in 
Let c 0 be the restriction of c to Fig. 4 . We shall adopt the notations in Fig. 4 in our arguments below. a (k, r) -coloring c. By Lemma 3.6(i), we may assume that
Let c 0 be the restriction of c to V (G) − {u, 
Discharging
We will complete the proof of Theorem 1.4 in this subsection. Throughout this section, G always denotes a 2-connected plane graph embedded on the plane with girth at least 6. Let F = F (G) denote the set of all faces of G. We will use V = V (G) and E = E(G). We assign the initial charges to the vertices and faces of G as a weight function w defined as follows 
Discharging Rules We will recharge the vertices and faces of G with certain charge and discharge rules. The resulting new charge will be denoted as a new weight function w ′ . A contradiction to (8) will then be obtained if the new charge w ′
